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Hidden-Symmetry-Protected Topological Semimetals on a Square Lattice
Jing-Min Hou∗
Department of Physics, Southeast University, Nanjing, 211189, China
We study a two-dimensional fermionic square lattice, which supports the existence of two-
dimensional Weyl semimetal, quantum anomalous Hall effect, and 2pi-flux topological semimetal in
different parameter ranges. We show that the band degenerate points of the two-dimensional Weyl
semimetal and 2pi-flux topological semimetal are protected by two distinct novel hidden symmetries,
which both corresponds to antiunitary composite operations. When these hidden symmetries are
broken, a gap opens between the conduction and valence bands, turning the system into a insulator.
With appropriate parameters, a quantum anomalous Hall effect emerges. The degenerate point
at the boundary between the quantum anomalous Hall insulator and trivial band insulator is also
protected by the hidden symmetry.
PACS numbers: 02.20.-a, 03.65.Vf, 03.75.Ss, 05.30.Fk
Introduction.—The research on topological phases is
becoming an increasingly important theme in condensed
matter physics. Topological matters are classified accord-
ing to topological invariants rather than symmetries[1, 2].
Depending on the dimensionality and the symmetry
classes specified by time reversal symmetry and particle-
hole symmetry, gapped systems can be classified into
ten types of topological phases[3], such as the inte-
ger quantum Hall states[4], quantum anomalous Hall
insulator[5, 6], topological insulators[7], chiral topolog-
ical superfluids[8], and helical topological superfluids
or superconductors[9]. More recently, physicists have
found that, besides the gapped systems, gapless sys-
tems can also support topological phases, i.e., topological
semimetals[2, 10–13, 15–19].
Topological semimetals have band structures with
band-touching points in momentum space, where the iso-
lated band degeneracy occurs. In general, at these kind
of band-degeneracy points, there exist singularities of a
Berry field. Around the singularities, vortex structures
in two-dimensions or monopoles in three dimensions ap-
pear. These vortices or monopoles with opposite topolog-
ical charges are separated from each other in momentum
space due to symmetries and thus cannot be destroyed
by the mutual annihilation of pairs with opposite topo-
logical charges. In three dimensions, the band degener-
acy at isolated points can be accidental [10, 20]. The
robustness of the accidental degeneracy depends on its
codimension[12]. However, such accidental band degen-
eracies are vanishingly improbable in one and two dimen-
sions if there are not additional symmetry constraints[21].
Therefore, in two dimensions, the band degeneracy at iso-
lated points must be protected by symmetries.
Discrete symmetries with antiunitary operators play
a crucial role in topological phases, for instance, time-
reversal symmetry and particle-hole symmetry offer a
base for classifying the topological phases into ten
classes[3]. In condensed matter physics, besides time-
reversal and particle-hole symmetries, there exists a class
of hidden symmetries, which are seldom studied in the
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FIG. 1: (Color online). (a) Schematic of the lattices. The
arrows represent the accompanying phase of hopping γ and
the dashed lines indicate a pi accompanying phase; the blue
and green filled circles represent the lattice sites of sublattices
A and B, respectively. (b) The first Brillouin zone, which is
surrounded by red lines. Here, the green filled circles represent
symmetry points denoted by Γ, M and X1,2, respectively.
literature. These hidden symmetries are discrete sym-
metries with antiunitary composite operators, which, in
general, consist of translation, complex conjugation and
sublattice exchange, and sometimes also include local
gauge transformation and rotation. Although a lot of
researches were done focusing on Dirac or Weyl semimet-
als in two-dimensional lattices in recent years[22–26], few
of them have involved the relation between the band de-
generacies and the above hidden symmetries. In this Let-
ter, we will study this relation and take a square lattice
as an example. This square lattice supports the exis-
tence of topological semimetals and a quantum anoma-
lous Hall effect in different parameter ranges. The topo-
logical semimetals appearing in this model include a two-
dimensional Weyl semimetal and a 2pi-flux topological
semimetal, which are protected by different hidden sym-
metries. Moreover, we show that the Weyl node at the
phase boundary between quantum anomalous Hall insu-
lator and trivial band insulator is protected by the hid-
den symmetry as well. In order to show the ubiquity of
2hidden-symmetry-protected topological semimetals, we
also present other two-dimensional lattices with different
hidden symmetries in the Supplemental Material[27].
Model.—We consider a square lattice as shown in Fig.1.
Because of the presence of the accompanying phases of
hopping, the translation symmetry is broken, then the
lattice is divided into two sublattices denoted A and B.
This square lattice has a lattice spacing d and, for sim-
plicity, we assume d = 1 in the following process. For
each sublattice, the primitive lattice vectors are defined
as a1 = (1, 1) and a2 = (1,−1). For the reciprocal lat-
tice, the corresponding primitive reciprocal lattice vec-
tors are b1 = (pi, pi) and b2 = (pi,−pi).
The corresponding total Hamiltonian consists of three
parts such as the square lattice HamiltonianH0, the diag-
onal Hamiltonian H1 and the staggered potential Hamil-
tonian H2, i.e., H = H0+H1+H2, which can be written
as,
H0 = −t
∑
i∈A
[e−iγa†i bi+xˆ + e
−iγa†ibi−xˆ + e
iγa†i bi+yˆ
+eiγa†i bi−yˆ] + H.c., (1)
and
H1 = −t1
∑
i∈A
[a†iai+xˆ+yˆ − a†iai+xˆ−yˆ]
+t1
∑
i∈B
[b†ibi+xˆ+yˆ − b†ibi+xˆ−yˆ] + H.c., (2)
and
H2 = v
∑
i∈A
a†iai − v
∑
j∈B
b†jbj , (3)
where ai destructs a particle at the site i in sublattice
A and bj destructs a particle at the site j in sublattice
B; xˆ ≡ (1, 0) and yˆ ≡ (0, 1) represent the unit vectors
in the x and y directions, respectively; 0 < γ < pi/2 is
a phase factor along with hopping; t is the hopping am-
plitude along the x and y directions and t1 the hopping
amplitude along the diagonal directions; v is the magni-
tude of staggered potential. In the following process, we
will consider the model in three parameter ranges such
as (i) 0 < γ < pi/2, t 6= 0, t1 = 0, v = 0, i.e. H = H0,
(ii) 0 < γ < pi/2, t 6= 0, and at least one of t1 and v
being nonzero, and (iii) γ = 0, t 6= 0, t1 6= 0, v = 0,
which support the existence of a two-dimensional Weyl
semimetal, quantum anomalous Hall effect, and 2pi-flux
topological semimetal, respectively.
Two-dimensional Weyl semimetals.—First, we con-
sider the first parameter range with 0 < γ < pi/2,
t 6= 0, t1 = 0 and v = 0, i.e. H = H0. We
take Fourier transformation to annihilation operators
as ak =
1√
N
∑
i aie
−ik·RAi , bk = 1√N
∑
i bie
−ik·RBi [1]
and define the two-component annihilation operator as
ηk ≡ 1√2 [ak, bk]T . The Hamiltonian (1) can be rewritten
as H =
∑
k
η†
k
H(k)ηk with
H(k) = − cos γΩ+σx − sin γΩ−σy , (4)
where Ω+ = 2t(cos kx + cos ky) and Ω− = 2t(cos kx −
cos ky); σx and σy are the Pauli matrices. Diagonaliz-
ing Eq.(4), we obtain the dispersion relation as E(k) =
±
√
cos2 γΩ2+ + sin
2 γΩ2−.
FIG. 2: (Color online). The energy dispersions for (a)a two-
dimensional Weyl semimetal with γ = pi/4, t1 = 0, v = 0; (b)a
quantum anomalous Hall insulator with γ = pi/4, t1 = 0.8t,
v = 0.2t; (c) the boundary between the quantum anomalous
Hall insulator and trivial band insulator with γ = pi/4, t1 =
0.5t, v = 2t; (d)a 2pi-flux topological semimetal with γ = 0,
t1 = t and v = 0.
Figure 2(a) shows the dispersion relation for γ = pi/4.
From the dispersion relation, we find that the conduc-
tion and valence bands are touched at symmetry points
X1,2 = (pi/2,±pi/2) in the Brillouin zone as denoted in
Fig.1(b). Near these degenerate points, the band struc-
ture has a conelike shape and is linear. Thus, the quasi-
particles and quasiholes behave like massless relativistic
fermions. Around these degenerate points, the single-
particle Hamiltonian (4) can be linearized as
h(p) = 2t cosγ(px ± py)σx + 2t sin γ(px ∓ py)σy, (5)
where p = k−Xi with i = 1, 2; the two signs indicate the
linearized Hamiltonian around the two distinct touched
points X1 and X2, respectively. The Hamiltonian (5)
has the form like h(p) =
∑
ij vijpiσj , based on which,
though the γ5 matrix is absent in (2 + 1)-dimensions,
we can define the chirality for two-dimensional massless
relativistic fermions as w = sgn[det(vij)] = ±1. We can
regard the chiral relativistic fermions as two-dimensional
Weyl fermions. From Eq.(5) and the definition of the
chirality, we have w = −1,+1 for Weyl nodes located at
3the degenerate points X1 and X2, respectively. It turns
out that X1 and X2 have opposite chirality.
The Weyl nodes can also be interpreted as topological
defects, i.e. vortices, of the planar vector field in momen-
tum space like h = (hx, hy) with hx = −2t cosγ(cos kx+
cos ky) and hy = −2t sinγ(cos kx − cos ky), which is de-
fined by using the coefficients of Pauli matrices in Eq.(4).
The corresponding topological invariant is the winding
number defined as [16]
w =
∮
C
dk
2pi
·
(
hˆx∇hˆy − hˆy∇hˆx
)
, (6)
where hˆi = hi/|h|. For the definition Eq.(6), we calculate
that the winding number of the vortices at the degenerate
points is +1 or −1, which is consistent with the chirality
defined above.
Symmetry protection.—The model in the first parame-
ter range, i.e., 0 < γ < pi/2, t 6= 0, t1 = 0 and v = 0, has
a hidden symmetry, which is a discrete symmetry with
an antiunitary compositor operator. We will show that
this hidden symmetry supports the existence of isolated
band degeneracy. The corresponding composite symme-
try operator can be written as,
Υ = σxKTxˆ, (7)
where Txˆ is a translation operator which moves the lat-
tice by xˆ along the x direction; K is the complex conju-
gation operator, which can also be regarded as a time-
reversal operator for spinless particles; σx is the Pauli
matrix representing the sublattice exchange. The model
considered here is invariant under this composite trans-
formation, i.e., H = ΥHΥ−1, where the inverse operator
is Υ−1 = σxKT−1xˆ . The Υ operator has the character as
Υ2 = T2xˆ.
The Bloch function has the form Ψk(r) =
[u(1)(r), u(2)(r)]T eik·r. The symmetry operator Υ acts
on the Bloch function as follows
ΥΨk(r) =
(
u
(2)∗
k
(r − xˆ)eikx
u
(1)∗
k
(r − xˆ)eikx
)
e−ik·r = Ψ′k′(r). (8)
Because Υ is the symmetry operator of the system,
Ψ′
k′
(r) must be a Bloch wave function of the system.
Thus, we obtain k′ = −k, u(1)
k′
(r) = u
(2)∗
k
(r− xˆ)eikx and
u
(2)
k′
(r) = u
(1)∗
k
(r−xˆ)eikx . From Eq.(8), it is easy to show
that the operator Υ has the effect when acting on wave
vectors as Υ : k → −k = k′. If k′ = k+Km, where Km
is the reciprocal lattice vector, then we can say that k is
a Υ-invariant point in momentum space. In the Brillouin
zone, the Υ-invariant points are the points Γ,M and
X1,2, which are marked by green balls in Fig.1(b). Sup-
pose that G represents a Υ-invariant point, then we have
ΥΨG(r) = Ψ
′
G
(r). Because of the equation ΥHΥ−1 =
H , ΨG(r) and Ψ
′
G
(r) are both the eigenstates of Hamil-
tonian H and have the same eigenenergy E(G). After
the symmetry operator acts on the Bloch function two
times, we have Υ2ΨG(r) = T2xˆΨG(r) = e
−2iGxΨG(r),
where Gx is the x component of G. From the above
equation, we obtain Υ2 = e−2iGx , which is a function
of the wave vector. Substituting the wave vectors of the
Υ-invariant points Γ,M and X1,2, we obtain Υ
2 = 1 at
Γ,M and Υ2 = −1 at X1,2. If a system is invariant un-
der the action of an antiunitary operator and the square
of the operator is not equal to 1, there must be degen-
eracy protected by this antiunitary operator[27]. Thus,
the bands must be degenerate at the points X1,2 in the
Brillouin zone, which is consistent with the Weyl nodes
obtained from dispersion relation.
Quantum anomalous Hall effect.— For the second pa-
rameter range, i.e., 0 < γ < pi/2, t 6= 0, and at least
one of t1 and v being nonzero, there are nonvanish-
ing H1 or H2 in the total Hamiltonian. It is easy to
show that H1 and H2 violate the hidden symmetry, i.e.
ΥH1,2Υ
−1 6= H1,2. Thus, both of them can remove the
degeneracy at Weyl nodes and open a gap between the
valence and conduction bands, turning the system into a
insulator.
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FIG. 3: (Color online). (a) Phase diagram for insulators.
Here, QAH and BI represent quantum anomalous Hall insu-
lator and trivial band insulator, respectively. (b) The edge
states of the quantum anomalous Hall phase for γ = pi/4,
t1 = 0.8t and v = 0.2t. Red solid line and green dashed line
represent edge states at two opposite edges, respectively.
The corresponding Bloch Hamiltonian can be written
as
H(k) = − cos γΩ+σx − sin γΩ−σy +mσz , (9)
where m = v− 2t1[cos(kx+ ky)− cos(kx− ky)]. Compar-
ing with the first parameter range, there is an additive
mass term. Diagonalizing the above equation, we ob-
tain E(k) = ±
√
cos2 γΩ2+ + sin
2 γΩ2− +m2. Figure 2(b)
shows that a gap between the conduction and valence
bands is opened by the mass term.
For an insulator, we can always characterize the occu-
pied bands with the first Chern number calculated based
on Berry phases in the first Brillouin zone. The cor-
responding first Chern number can be defined as C1 =
1
4pi
∫
BZ
dkxdkyhˆ ·
(
∂hˆ/∂kx × ∂hˆ/∂ky
)
, where hˆ = h/|h|
with h being the coefficients of the Pauli matrices in
4Eq.(9). For quantum anomalous Hall states, the first
Chern number must not be zero. This is just the case
when the mass term at the two distinct degenerate points
has opposite sign, and the system has a nontrivial first
Chern number C1 = ±1[5]. The vanishing mass at
one of the two distinct degenerate points X1 and X2,
i.e., v = ±4t1, defines the boundary between quantum
anomalous Hall insulator and trivial band insulator in
the phase diagram as shown in Fig.3(a). In the regime of
the quantum anomalous Hall insulator, chiral edge states
at each edge appear, which are shown in Fig.3(b).
At the boundary between the quantum anomalous Hall
insulator and trivial band insulator, i.e., v = ±4t1, one of
the two distinct Weyl nodes in the Brillouin zone reap-
pears, as shown in Fig.2(c). This can be explained by
the recovery of the hidden symmetry Υ at some points
in momentum space. For instance, when v = −4t1 is
satisfied, the mass term in Eq.(9) vanishes at X1, while
it still exists at X2. Thus, the symmetry Υ is recovered
at X1 point, i.e. ΥH(X1)Υ−1 = H(X1). Then, the Weyl
node reappears at X1 but does not at X2. Similarly, for
v = 4t1, the symmetry is recovered at X2, but not at X1,
i.e., ΥH(X2)Υ−1 = H(X2) , then the Weyl node reoccurs
at X2 but not at X1.
2pi-flux topological semimetals.— Now, we consider the
third parameter range, i.e., γ = 0 and v = 0 for the
total Hamiltonian H . For this special case, the Bloch
Hamiltonian can be written as,
H(k) = −Ω+σx − Ωzσz, (10)
where Ωz = 2t1[cos(kx + ky)− cos(kx − ky)]. Diagonaliz-
ing the Hamiltonian, we obtain the dispersion relation as
E(k) = ±
√
Ω2+ +Ω
2
z. The conduction and valence bands
are touched at point M in the Brillouin zone as shown in
Fig.2(d). Around the degenerate point, the bands have
a quadratic dispersion relation. For instance, retaining
only the lowest terms around the degenerate point M ,
i.e., (pi, 0), the Bloch Hamiltonian (10) can be written
as,
H(k) = −t(p2x − p2y)σx − 4t1pxpyσz, (11)
where p = k−M . For each band crossing, from the for-
mula (6), we can calculate a winding number with value
of +2 or −2. These band crossings correspond to vortices
with 2pi or −2pi Berry flux and can also be regarded as
a double-Weyl node consisting of two Weyl nodes with
the same chirality, which is similar to the topological
semimetal protected by D4 point-group symmetry[16].
The 2pi-flux nodes in this parameter range can be inter-
preted by the protection of symmetry. In this parameter
range, the model has a new composite symmetry such
that Υ′HΥ′−1 = H with
Υ′ = σxKC4Txˆ, (12)
where C4 is a rotation operation by pi/2 around the nor-
mal vector of the x−y plane. This composite antiunitary
operator Υ′ has a more C4 rotation than the operator Υ
and has the property that Υ′2 = C2Ta1 with C2 = C
2
4 .
The action of symmetry operator Υ′ on wave vectors has
the effect that Υ′ : (kx, ky) → (−ky, kx). Thus, under
this symmetry operation, the Bloch Hamiltonian is trans-
formed as Υ′H(kx, ky)Υ′−1 = H(−ky, kx). It is very easy
to show that the Bloch Hamiltonian is invariant at the
point M = (pi, 0) and point Γ = (0, 0) in the Brillouin
zone. It is easy to show that Υ′2 = C2Ta1 = −1 at
point M , while it is equal to 1 at point Γ. Therefore, the
bands must be degenerate at point M in the Brillouin
zone, which is consistent with the dispersion relation cal-
culated above.
The symmetry Υ′ also guarantees that the disper-
sion relation is quadratic instead of linear near the
degenerate point. The corresponding Bloch Hamil-
tonian can be written in the form H(kx, ky) =
f(kx, ky)σx + g(kx, ky)σz , where f(kx, ky) and g(kx, ky)
are functions of kx and ky. On one hand, we have
H(−ky, kx) = f(−ky, kx)σx + g(−ky, kx)σz , on the other
hand, Υ′H(kx, ky)Υ′−1 = f(kx, ky)σx − g(kx, ky)σz .
Therefore, due to Υ′H(kx, ky)Υ′−1 = H(−ky, kx), we ob-
tain the equations f(kx, ky) = f(−ky, kx) and g(kx, ky) =
−g(−ky, kx). Since the degenerate point is located at
M in the Brillouin zone, the functions f(kx, ky) and
g(kx, ky) can be expanded at point M in Taylor series
as f(kx, ky) = f(M) +
∑
i cipi +
1
2
∑
ij cijpipj + · · · and
g(kx, ky) = g(M) +
∑
i dipi +
1
2
∑
ij dijpipj + · · ·. Con-
sidering the above equations satisfied by f(kx, ky) and
g(kx, ky), it is easy to show that all the first order terms
vanish for f(kx, ky) and g(kx, ky), and the lowest order
nonvanishing terms are the second order terms, which is
consistent with Eq.(11). Therefore, the fact that the dis-
persion relation is quadratic near the degenerate point
can be interpreted from the protection of symmetry.
More general and detailed proof is presented in Supple-
mental Material[27].
Experimental techniques for physical realization–The
high controllability and large number of detection tech-
niques of cold atoms in optical lattices make them a
platform we can use to realize many models in con-
densed matter physics. The model considered by us
can be realized by applying 40K cold atoms trapped
in spin-dependent optical lattice[29]. The accompany-
ing phase of hopping can be realized by laser-induced
gauge potentials[23, 30, 31]. The interferometric ap-
proach proposed by Abanian et al.[32] can be used to
detect the winding number at degenerate points of topo-
logical semimetals and the Chern number of the quantum
anomalous Hall insulator. The Chern number of insula-
tors can also be measured with the time-of-flight method
proposed by Alba et al.[33] and the method of measuring
Bloch eigenstates at symmetric points of the Brillouin
5zone proposed by Liu et al.[34].
Conclusion.—In summary, we have shown that, be-
sides time-reversal symmetry and particle-hole symme-
try, there exists a class of discrete symmetries with an-
tiunitary composite operators contributing to the protec-
tion of degeneracies in two-dimensional systems. In order
to clearly manifest the close relation between this kind of
hidden symmetries and degeneracies in two-dimensional
systems, we have studied a fermionic square lattice for
example. This model supports the existence of a two-
dimensional Weyl semimetal, quantum anomalous Hall
effect, and 2pi-flux topological semimetal in different pa-
rameter ranges. We have shown that the two-dimensional
Weyl semimetal and 2pi-flux topological semimetal are
protected by two distinct hidden symmetries, respec-
tively. When these hidden symmetries are broken, a
gap opens between the conduction and valence bands
and quantum anomalous Hall effect appears in the ap-
propriate parameters. We also found that the part of
Weyl nodes reoccur when the parameters approach to
the boundary between quantum anomalous Hall insula-
tor and trivial band insulator in the phase diagram, and
they are also protected by the hidden symmetry.
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A. Proof of the protection of degeneracy by an anti-unitary operator
We assume that Υ is an anti-unitary operator. H is a Hamiltonian and satisfies [H,Υ] = 0, i.e., H is Υ-invariant.
Υ2 must be a unitary operator and satisfies the equation [H,Υ2] = 0. Therefore, the Hamiltonian H and Υ2 have
common eigenstates. Suppose that |Ψ〉 is a common eigenstate of the Hamiltonian H and Υ2 and obey the equations
Υ2|Ψ〉 = α|Ψ〉 and H |Ψ〉 = E0|Ψ〉. Then, due to [H,Υ] = 0, |Ψ′〉 ≡ Υ|Ψ〉 is also a eigenstate of Hamiltonian H with
the eigenenergy E0. We take the inner product of the states |Ψ′〉 and |Ψ〉 as follows,
〈Ψ′|Ψ〉 = 〈ΥΨ|ΥΨ′〉 = 〈Ψ′|Υ2Ψ〉 = α〈Ψ′|Ψ〉, (S1)
where we have used the property that 〈Υϕ|Υξ〉 = 〈ξ|ϕ〉 for the anti-unitary operator Υ. Thus, we have
(1− α)〈Ψ′|Ψ〉 = 0 (S2)
If α 6= 1, 〈Ψ′|Ψ〉 = 0 must be satisfied. Namely, |Ψ′〉 and Ψ〉 are orthogonal to each other. On the other hand, |Ψ′〉
and Ψ〉 have the same eigenenergy E0. Thus, the system is degenerate. In summary, we conclude that if a system is
invariant under the action of an anti-unitary operator and the square of the operator is not equal to 1, there must be
degeneracy protected by this anti-unitary operator.This proof is similar to the proof of Kramers degeneracy protected
by time-reversal symmetry in many textbooks.
B. Proof of the quadratic dispersion for the third parameter range
The corresponding Bloch functions for the A and B sublattices can be written, respectively, as[1]
ψA
k
(r) =
1√
N
∑
i
eik·R
A
i wAi (r −RAi ), (S3)
ψB
k
(r) =
1√
N
∑
i
eik·R
B
i wBi (r −RBi ) (S4)
where N is the number of lattice sites in each sublattice, and RBi = R
A
i + xˆ with xˆ = (1, 0). In the main text, the
Bloch Hamiltonian has the form as follows,
H(k) = f(k)σx + g(k)σz (S5)
Υ′ = σxKC4T(a1+a2)/2 is the symmetry operator, which acts on the Bloch Hamiltonian and satisfies the following
equation[2],
Υ′H(k)Υ′−1 = H(Υ′k) (S6)
Substituting the symmetry operator Υ′ and the Bloch Hamiltonian (S5) into the left-hand side of Eq.(S6), we obtain
Υ′H(kx, ky)Υ′−1 = f(kx, ky)σx − g(kx, ky)σz (S7)
From the main text, we know that Υ′ : (kx, ky)→ (−ky, kx). Thus the right-hand side of Eq.(S6) can be written as
H(−ky, kx) = f(−ky, kx)σx + g(−ky, kx)σz (S8)
Combining Eqs. (S6), (S7) and (S8), we arrive at the following constrained conditions,
f ′(kx, ky) ≡ f(−ky, kx) = f(kx, ky), (S9)
g′(kx, ky) ≡ g(−ky, kx) = −g(kx, ky) (S10)
Since M is the degenerate point in Brillouin zone, the functions f(kx, ky) and f
′(kx, ky) can be expanded in Taylor
series as follow
f(kx, ky) = f(Mx,My) +
∂f
∂kx
∣∣∣∣
M
px +
∂f
∂ky
∣∣∣∣
M
py +
1
2
∂2f
∂k2x
∣∣∣∣
M
p2x +
1
2
∂2f
∂k2y
∣∣∣∣
M
p2y +
∂2f
∂kx∂ky
∣∣∣∣
M
pxpy + · · · (S11)
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f ′(kx, ky) = f ′(Mx,My) +
∂f ′
∂kx
∣∣∣∣
M
px +
∂f ′
∂ky
∣∣∣∣
M
py +
1
2
∂2f ′
∂k2x
∣∣∣∣
M
p2x +
1
2
∂2f ′
∂k2y
∣∣∣∣
M
p2y +
∂2f ′
∂kx∂ky
∣∣∣∣
M
pxpy + · · · (S12)
where px = kx −Mx, py = ky −My. Comparing the first order terms of the two Taylor series (S11) and (S12), we
obtain
∂f ′
∂kx
∣∣∣∣
M
=
∂f
∂kx
∣∣∣∣
M
,
∂f ′
∂ky
∣∣∣∣
M
=
∂f
∂ky
∣∣∣∣
M
(S13)
Substituting the definition f ′(kx, ky) ≡ f(−ky, kx) into Taylor series (S12), we have,
f ′(kx, ky) = f(−ky, kx)
= f(M ′x,M
′
y) +
∂f
∂ky
∣∣∣∣
M ′
px − ∂f
∂kx
∣∣∣∣
M ′
py +
1
2
∂2f
∂k2y
∣∣∣∣
M ′
p2x +
1
2
∂2f
∂k2y
∣∣∣∣
M ′
p2y −
∂2f
∂kx∂ky
∣∣∣∣
M ′
pxpy + · · ·(S14)
where M ′ = ΥM , i.e., (M ′x,M
′
y) = (−My,Mx). Then, we arrive at
∂f ′
∂kx
∣∣∣∣
M
=
∂f
∂ky
∣∣∣∣
M ′
,
∂f ′
∂ky
∣∣∣∣
M
= − ∂f
∂kx
∣∣∣∣
M ′
(S15)
We choose the wave function (S3) and (S4) as the basis and there is a phase difference between the wave function
due to RBi = R
A
i + xˆ, so the off-diagonal elements of the Bloch Hamiltonian includes e
ikx , e−ikx factors or mixture of
them. From the main text, we know that M ′x−Mx = ±pi, so we can arrive at f(k−M ′+M) = −f(k). Substituting
the relation into Eq.(S15), we obtain
∂f ′
∂kx
∣∣∣∣
M
= − ∂f
∂ky
∣∣∣∣
M
,
∂f ′
∂ky
∣∣∣∣
M
=
∂f
∂kx
∣∣∣∣
M
(S16)
Solving the equation group (S13) and (S16), we obtain the solution
∂f
∂kx
∣∣∣∣
M
=
∂f
∂ky
∣∣∣∣
M
= 0 (S17)
Similarly, g(kx, ky) can also be expanded in Taylor series around the degenerate points M as
g(kx, ky) = g(Mx,My) +
∂g
∂kx
∣∣∣∣
M
px +
∂g
∂ky
∣∣∣∣
M
py +
1
2
∂2g
∂k2x
∣∣∣∣
M
p2x +
1
2
∂2g
∂k2y
∣∣∣∣
M
p2y +
∂2g
∂kx∂ky
∣∣∣∣
M
pxpy + · · · (S18)
Following the similar process as the functionf(kx, ky), we can also obtain the same results about g(kx, ky) as
∂g
∂kx
∣∣∣∣
M
=
∂g
∂ky
∣∣∣∣
M
= 0 (S19)
From Eqs.(S17) and (S19), we know that the linear terms in the Bloch Hamiltonian vanish. It is easy to show that
the lowest non-zero terms in the Taylor series of the Bloch Hamiltonian are the second order terms. Therefore, we
conclude that around the degenerate point, the Bloch Hamiltonian and the dispersion relation is quadratic.
C. Other two-dimensional lattices with hidden symmetry
In order to show the ubiquity of symmetry-protected isolated point degeneracies, we show three other models as
shown in Fig.S1 in this Supplementary Material. Here, for brevity, we assume the distance between the two neighbor
lattice sites d = 1. All the lattices considered here consist of two sublattices marked by blue and green balls in
Fig.S1. In all the models, hopping between neighbor sites is allowed and the hopping amplitudes are the same. For
some hoppings between neighbor sites, there exist hopping-accompanying phases, which are represented by arrows in
Fig.S1. The magnitudes of hopping-accompanying phase represented by arrows are (i) 0 < γ < 2pi in the y direction
for Model 1, (ii) 0 < β < pi in the x direction, 0 < γ < pi in the y direction for Model 2, (iii) 0 < γ < 2pi in the y
8x
y
(a)
x
y
(b)
x
y
(c)
FIG. S1: Schematic of the lattices. Here, the green and blue balls represent the lattice sites of sublattices A and B, respectively.
The arrows represent the hopping-accompanying phase. (a) Model 1: the hopping-accompanying phase is 0 < γ < 2pi: (b)
Model 2: the hopping-accompanying phases are 0 < β < pi in the x direction and 0 < γ < pi in the y direction; and (c) Model
3: the hopping-accompanying phase is 0 < γ < 2pi.
direction for Model 3, respectively. The corresponding primitive lattice vectors, primitive reciprocal lattice vectors,
symmetry operator, the transformation of wave vector under symmetry operation, symmetry-invariant points in the
Brillouin zone, and symmetry-protected degenerate points are summarized in Table S1.
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9TABLE S1: Summary of three models with hidden symmetry-protected degeneracy
Model Primitive lat-
tice vectors
Primitive
reciprocal
lattice vectors
Symmetry operator The effect
of symmetry
acting on wave
vectors
Symmetry-
invariant points
Symmetry-
protected de-
generate points
1 a1 = (2, 0),
a2 = (0, 1)
b1 = (pi, 0),
b2 = (0, 2pi)
Υ = (eiγ)iyσxKTa1/2,
Υ2 = Ta1
Υ : (kx, ky) →
(−kx, γ − ky)
(pi/2, γ/2),
(pi/2, γ/2 − pi),
(0, γ/2),
(0, γ/2− pi)
(pi/2, γ/2),
(pi/2, γ/2− pi)
2 a1 = (2, 0),
a2 = (0, 1)
b1 = (pi, 0),
b2 = (0, 2pi)
Υ = (e2iβ)ixσxKTa1/2,
Υ2 = e2iβTa1
Υ : (kx, ky) →
(2β − kx,−ky)
(β − pi/2, 0),
(β − pi/2, pi),
(β, 0), (β, pi)
(β − pi/2, 0),
(β − pi/2, pi)
3 a1 = (1, 1),
a2 = (1,−1)
b1 = (pi, pi),
b2 = (pi,−pi)
Υ = (eiγ)iyσxKT(a1+a2)/2,
Υ2 = Ta1+a2
Υ : (kx, ky) →
(−kx, γ − ky)
(−pi/2, γ/2−pi/2),
(pi/2, γ/2 − pi/2),
(0, γ/2), (0, γ/2 −
pi)
(−pi/2, γ/2−pi/2),
(pi/2, γ/2− pi/2)
Note: Here, ix and iy are the x and y components of the coordinate i of lattice sites, respectively.
